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ABSTRACT

The Multiway-Cut problem is a fundamental graph parti-
tioning problem in which the objective is to find a minimum
weight set of edges disconnecting a given set of special ver-
tices called terminals. This problem is NP-hard and there is
a well known geometric relaxation in which the graph is em-
bedded into a high dimensional simplex. Rounding a solu-
tion to the geometric relaxation is equivalent to partitioning
the simplex. We present a novel simplex partitioning algo-
rithm which is based on competing exponential clocks and
distortion. Unlike previous methods, it utilizes cuts that are
not parallel to the faces of the simplex. Applying this par-
titioning algorithm to the multiway cut problem, we obtain
a simple (4/3)-approximation algorithm, thus, improving
upon the current best known result. This bound is further
pushed to obtain an approximation factor of 1.32388. It is
known that under the assumption of the unique games con-
jecture, the best possible approximation for the Multiway-
Cut problem can be attained via the geometric relaxation.

Categories and Subject Descriptors

H.2 [Theory of Computation]: ANALYSIS OF ALGO-
RITHMS AND PROBLEM COMPLEXITY

General Terms
Algorithms, Theory
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1. INTRODUCTION

Geometric embedding has been at the heart of approx-
imation algorithms for NP-hard graph problems in recent
years [2, 3, 5, 10, 17, 23, 24]. The Multiway-Cut problem in
undirected graphs is a prime example for the success of this
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approach. In this problem we are given an edge weighted
undirected graph G = (V,E), w : E — R", and a set
T = {t1,t2,...,tk} C V of k terminals. The goal is to
find a minimum weight subset of edges X C FE such that all
terminals are disconnected in (V, E'\ X). The Multiway-Cut
problem is known to be NP-hard even for k = 3 [9]*. The
first approximation algorithm for the Multiway-Cut problem
was given by Dalhaus et al. [9]. It is a simple combinato-
rial heuristic: for each terminal ¢;, compute a minimum cut
separating it from all other terminals. Dalhaus et al. [9]
showed that the union of the k — 1 cheapest cuts (of the k
cuts computed) is a 2(1 — 1/k)-approximation. Note that
the union of any k — 1 cuts defines a feasible solution.

Calinescu et al. [5] suggested a geometric relaxation for
the Multiway-Cut problem. In this relaxation each vertex
u € V is embedded into the k-dimensional simplex Ax =
{r € R¥ : 2 >0, ¥,z; = 1}, while the terminals are
mapped bijectively to the vertices of Aj. Cailinescu et al.
[5] observed that any rounding of this relaxation is in fact
a partitioning of the simplex into k parts, one for each ter-
minal (or equivalently a vertex of Ay). They presented a
partitioning algorithm achieving an approximation guaran-
tee of 3/2—1/k. Building upon this result, Karger et al. [18]
managed to obtain an improved guarantee of 1.3438 — ¢y,
where ¢, is a decreasing function of k£ that tends to 0 as k
increases.

Conversely, it was shown by Freund and Karloff [13] that
the geometric relaxation of Calinescu et al. [5] has an inte-
grality gap of 8/(7 4+ 1/(k — 1)). Furthermore, Manokaran
et al. [25] proved that the integrality gap of this relaxation
can be translated to a hardness result for the Multiway-Cut
problem with the exact same value, assuming the unique
games conjecture. Hence, this result suggests that the best
possible approximation guarantee for the Multiway-Cut prob-
lem can be obtained by rounding the geometric relaxation
of Calinescu et al. [5]. Finally, Dahlhaus et al. [9] showed
that Multiway-Cut is APX-hard. Thus, there exists a con-
stant ¢ > 1 such at no polynomial-time algorithm can find a
solution within a factor of ¢ of the optimum, unless P=NP.

We also note that some of the above mentioned tech-
niques, developed in the context of Multiway-Cut, have found
additional applications. The main idea of the algorithm of
Cilinescu et al. [5] is to iterate over the terminals in a ran-
dom order and cut an ¢; sphere of random radius around
each terminal, thus partitioning the simplex. This idea was
extended to general metrics, providing improved approxima-

'For k = 2 it is simply the minimum {s, ¢}-cut problem in
undirected graphs.



tions for the 0-Extension problem [4, 11] (whose study was
originated by Karzanov [20]) and the probabilistic approxi-
mation of metrics by tree metrics [12].

1.1 Our Results

We present a new method for partitioning the simplex
which is based on competing exponential clocks and on dis-
torting the simplex. Unlike previous approximation algo-
rithms for the Multiway-Cut problem [5, 18], our method
generates cuts in the simplex that are not parallel to the
faces of the simplex. We obtain simple approximation al-
gorithms for the Multiway-Cut problem, as well as improved
approximation guarantees. We believe that our new simplex
partitioning method is of independent interest.

First, we present a simple (4/3)-approximation algorithm,
as summarized in the following theorem.

4
3 9k—6
algorithm for the Multiway-Cut problem.

THEOREM 1. There exists a (é )—approximation

Note that the above theorem already improves on the cur-
rent best known approximation guarantee of [18]. We then
manage to push the approximation guarantee further by
a more careful use of our simplex partitioning method, as
stated in the following theorem.

THEOREM 2. There exists a (1.32388 - i)—approximation
algorithm for the Multiway-Cut problem.

This theorem demonstrates that an approximation factor
strictly better than 4/3 can be achieved.

Additionally, we show that the exponential clocks ingre-
dient of our simplex partitioning algorithm can also be ap-
plied to the Uniform-Metric-Labeling problem, yielding a 2-
approximation algorithm which is different from the known
2-approximation algorithm of Kleinberg and Tardos [22].
Surprisingly, even though both algorithms are different, we
show that the algorithm of [22] can replace the exponential
clocks ingredient of our simplex partitioning algoritm, re-
sulting in the exact same guarantees as in Theorems 1 and
2 for the Multiway-Cut problem.

Finally, we note that competing exponential clocks can be
used to round fractional solutions of more general covering
problems?. We refer the reader to Appendix A for details.

1.2 Techniques

The improved approximation for Multiway-Cut uses two
main separate ingredients which are then joined probabilis-
tically (see Section 5). The first ingredient is a partition-
ing algorithm that uses a single randomly chosen point in
the simplex to generate a partition, as opposed to previous
works [5, 18] that use ¢1 spheres to partition the simplex.
Let us provide a geometric description of this partition and
for simplicity restrict the discussion to As. Given a point
Z € As, it is used to define the boundaries between the dif-
ferent parts, thus, inducing a partitioning. This is shown in
Figure 1. There are lines going from each terminal through
Z to the opposite edge in Ag. For example, the line starting
at terminal t; passes through Z and ends at point a where it

2Multiway-Cut can be viewed as a covering problem in which
the goal is to cover the vertices of the graph by k sets, each
containing exactly one terminal. If some of the sets intersect,
uncrossing can be used to turn the cover into a multiway
partitioning without increasing the cost of the solution.

hits the edge opposite to t1. For each such line, the segment
that lies between the terminal and Z is ignored. The ignored
segments are represented as dashed, and the boundaries of
the partition induced by Z are the remaining segments rep-
resented as solid. For example, the part that is assigned to
t1 in the partitioning induced by Z is the area defined by
the points t1, ¢, Z, and b.

The above partitioning method easily extends to any high
dimensional simplex. It is important to note that this natu-
ral way for partitioning the simplex does not use face-parallel
cuts, unlike [5, 18]. Our algorithm applies the above parti-
tioning method by choosing a point Z uniformly at random
using competing exponential clocks. The use of exponen-
tial clocks allows for a simple analysis of the probability of
separating adjacent vertices between different parts.

The second ingredient used is a distortion of the sim-
plex. This distortion is applied prior to partitioning the
simplex, resulting in both increase and decrease of some
of the distances. Given u € Ay, each of the first £ — 1
coordinates in u is decreased by applying a transforma-
tion to it, while the value of the kth coordinate is cho-
sen so that uw is mapped back to the simplex. For ex-
ample, Figure 1 contains the quadratic distortion of As,
(u1,u2,us) — (u%,u%, 1—u?— u%), used by our algorithm.
The boundary of As is dashed while the boundary of the
distorted As appears as solid.

1.3 Related Work

In addition to the works already mentioned, several other
special cases and variants of Multiway-Cut were considered
in the literature. Cunningham and Teng [8] and Karger et
al. [18] present a tight approximation factor of 12/11 when
k = 3. For k = 4,5, [18] provide approximation factors
of 1.1539 and 1.2161, respectively. For dense unweighted
graphs, Arora et al. [1] and Frieze and Kannan [14] pro-
vide a polynomial time approximation scheme. The Node-
Multiway-Cut problem asks for the least weight subset of
vertices whose removal from the graph disconnects all ter-
minals. This variant was studied by Garg et al. [16] who
present a 2(1 — 1/k)-approximation algorithm for the prob-
lem. They also prove that any improvement to the latter
factor would also lead to an improvement of the approx-
imation guarantee for Vertex-Cover, for which it is known
that no approximation better than 2 can be achieved as-
suming the unique games conjecture (Khot and Regev [21]).
The Directed-Multiway-Cut problem asks for the least weight
subset of edges whose removal from the graph disconnects
all directed paths connecting terminals. Clearly, Directed-
Multiway-Cut generalizes Node-Multiway-Cut. For Directed-
Multiway-Cut, Naor and Zosin [26] give a 2-approximation
algorithm, improving upon the O(log k)-approximation of
Garg et al. [16]. The Multicut problem resembles Multiway-
Cut, however, its goal is to separate k pairs of terminals
{si,t;}. The best known approximation for Multicut is O(log k)
and is given by Garg et al. [15].

Several additional problems are closely related to Multiway-
Cut, and two prominent examples are 0-Extension and Metric-
Labeling. For the 0-Extension problem, Célinescu et al. [4]
provide an approximation of O(logk), which was later im-
proved by Fakcharoenphol et al. [11] to O (log k/loglog k).
Both results are obtained by rounding the metric comple-
tion relaxation. For the Metric-Labeling problem, Klein-
berg and Tardos [22] provide an approximation guarantee



Figure 1: (a) The partition of Az induced

of O(log k) by building upon the tight probabilistic approx-
imation of metrics by tree metrics [12]. Chekuri et al. [6]
extend the geometric relaxation of Céilinescu et al. [5] to
the more general Metric-Labeling problem using earthmover
metrics, thus yielding a unified treatment of the problem
for various metrics. For the geometric relaxation with the
earthmover metric, Karloff et al. [19] prove an integral-
ity gap of Q(logk) for Metric-Labeling and Q(v/logk) for
0-Extension. Both integrality gaps translate to hardness re-
sults with the same values assuming the unique games con-
jecture [25]. Without this assumption, the corresponding
hardness results are Q(y/logk) for Metric-Labeling [7] and
Q(log'/* k) for 0-Extension [19].

2. PRELIMINARIES

An instance of the Multiway-Cut problem consists of an
edge weighted undirected graph G = (V, E), w : E — RT,
and a set of terminals 7' = {¢1,t2,...,tx} C V. The goal is
to find the least weight subset of edges X C FE such that all
terminals are disconnected in (V, E \ X). Equivalently, the
output is an assignment ¢ : V — T with the property that
L(t;) =ti, Vi=1,...,k. For an edge e = (u,v) € E, e € X
if and only if £(u) # £(v).

2.1 The Simplex Relaxation for Multiway Cut

We use the simplex relaxation first proposed by [5]. Con-
sider the k-dimensional simplex Ap = {x e RF i x >
0, >,x = 1}. Denote by e; the ith vertex of Ag, ie.,
the standard basis vector which has a 1 in the ¢th coordi-
nate and 0 elsewhere. The relaxation embeds every vertex
u € V into A and each terminal ¢; € T is embedded to e;.
Intuitively, every point in Ay corresponds to a distribution
over the set of terminals 7. For simplicity of presentation,
we abuse notation and use u for both the vertex and its
embedding in the simplex.

. 1
min o > w(e) - flu—vlh (1)
e=(u,v)EE
st. ue g YueV (2)
ty =e; VZ:L?,,k (3)

It is known [5] that the above relaxation can be rewritten
as a linear program, thus an optimal fractional solution can
be efficiently computed.
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We note that any integral solution ¢ : V. — T to the
Multiway-Cut problem defines a feasible embedding in the
simplex of the same value. To see that, for every v € V', map
u to e; € Ay, if £(u) = t;. Hence, the simplex relaxation is
indeed a lower bound on the value of an optimal solution.

For simplicity, as was noted by [5], when bounding the sep-
aration probability of two points u,v € Ak, one can assume
without loss of generality that v and v differ in only two
coordinates. The reason for this is that an edge (u,v) € E
can be subdivided in such a way that this property holds
and the cost remains unchanged, since the contribution of
the edge to (1) is proportional to ||u — v|[1. We refer the
reader to [5] for the exact details. Thus, in the sequel we
always assume that v and v differ in coordinates 1 and 2.

2.2 Exponential Clocks

By exponential clocks we mean competing independent ex-
ponential random variables. An exponential clock wins a
competition if it has the smallest value among all participat-
ing exponential clocks. A random variable X is distributed
according to the exponential distribution with rate A if it
has density fx(z) = Ae™** for every > 0 and fx(z) = 0
otherwise. We denote this by X ~ exp()\). Additionally, we
use the following well known properties of the exponential
distribution:

1. If X ~exp(A) and ¢ > 0, then & ~ exp(Ac).

2. Let X1,..., X\ be independent random variables with
X ~ exp(\i):

(a) min{X1,..., X} ~exp (A1 + ...+ k).

(b) Pr[X; < minjz {X;}] = 5205

3. ALGORITHM I - COMPETING EXPO-
NENTIAL CLOCKS

In this section we present a new method for partitioning
the simplex which is based on competing exponential clocks.
Intuitively, an independent exponential clock with rate A =
1 is associated with each vertex of Ay, one for each terminal
in T. Given a fractional point u € Ay, it is assigned to a
terminal as follows. The ith clock (of terminal ¢;) is scaled
by u; and thus its rate becomes u; (by property (1) of the
exponential distribution). Then, the k scaled clocks compete



and u is assigned to the terminal corresponding to the clock
winning the competition (i.e., the smallest clock).

A precise description of the algorithm is given in Algo-
rithm 1. The algorithm receives as input an optimal solution
to the simplex relaxation, {u}, ., € Ag, and outputs the
assignment £ : V — T, assigning each vertex to a terminal
inT.

Algorithm 1: Exponential-Clocks({u} C Ayg)
1 choose i.i.d random variables Z; ~ exp(1),i=1,... k.

2 VueV: E(u)(—argmin{f—z : i:1,2,...,k}.

ueV

It is easy to verify that for each terminal ¢; € T, £(t;) = t;.
This happens since (¢;); = 0 for every j # ¢ and (t;); =
1. Thus, with probability that equals 1, £(¢;) = t;, and
Algorithm 1 partitions the simplex in a way that produces
a feasible integral solution for Multiway-Cut.

3.1 Geometric Interpretation

We now demonstrate the connection between the expo-
nential clocks used in Algorithm 1 and the claimed geomet-
ric partitioning of the simplex from Section 1.2 and Figure
1. Denote by Z = (Z1, Za, ..., Zx) the vector of exponential
clocks chosen by Algorithm 1.

First, it is known (for example, see [27]) that Z/ (Zle Zi>
is a uniformly chosen random point in Ay. Second, note that
Algorithm 1 is indifferent to any normalization of the vector
Z. Hence, one can assume without loss of generality that
the vector of exponential clocks Z chosen by Algorithm 1 is
indeed a uniformly chosen random point in Ay.

As in Section 1.2 and Figure 1, let us restrict the dis-
cussion to Asz. A fractional point u = (u1,u2,us) € Ag is
assigned by Algorithm 1 to the winning clock (i.e., the small-
est) among the scaled exponential clocks Z; /u1, Z2/u2, and
Z3/us. The only point in the simplex for which all the clocks
are equal is Z itself. Next, consider all points in the simplex
for which exactly two of the clocks are equal. Focus, for ex-
ample, on the clocks of terminals t2 and ¢3. All such points
must satisfy the linear equation Zz/us = Z3/usz, whose so-
lution forms a straight line that starts at ¢1, passes through
Z, and ends at the edge opposite to t1 in As. As in Figure
1, this happens at point

a=(0,2Z2/(Z>+ Z3), Z3/(Z2 + Z3)) .

The dashed segment of this line, connecting t; and Z, cor-
responds to all points u € Ag for which the clock of ter-
minal ¢; wins over the clocks of terminals ¢2 and ts, i.e.,
Zi/u1 < Zz/us = Zz/us. The solid segment of this line,
connecting Z and a, corresponds to all points u € Ag for
which the clocks of terminals t2 and t3 both win over the
clock of terminal t1, i.e., Z1/u1 > Z2/us = Zs/us. There-
fore, one can conclude that this solid segment, as claimed
in Section 1.2, is indeed the boundary between the part as-
signed to ¢z and the part assigned to t3. Repeating the ar-
gument for all terminal pairs in A3 yields that Algorithm 1
indeed generates the geometric partitioning of Az as shown
in Figure 1.

3.2 Analysis

We focus on a particular edge (u,v) € E and bound the
separation probability of v and v. As mentioned in Section

2, we can assume without loss of generality that u and v
differ in only two coordinates.

LEMMA 1. Let

u = (u1,u2,us,...,ux) and

v = (u1 +€,UQ—E,U3,...,uk),
where u,v € Ay for some € > 0. Then,

Prl(u) # £(v)] <e(2 —u1 —u2).

PRrROOF. For each 1 < i < k, let A; be the event that
£(u) = £(v) = i. Let us calculate Pr[A4;], for all ¢, starting
with Pr[A1].

Pr[A:] =Pr {égmin{é,... é} ,
u1

U2 Tk

Z1 . { Zy 3 Zk”
<min{ ——, —,..., —
uy+¢e Uy — € U3 Uk

=Pr |:é Smin{é,“.7ﬁ}]
U1 u Uk

U1l
= = ui.
UL+ U2 + ...+ Uk

The one before last equality follows from the fact that the
Z;-s are independent, and from properties (1) and (2b) of
the exponential distribution (see Section 2). Let us calculate

Pr [AQ]

Pr[Az] =Pr éSmin{é,é é} ,

| u2 wi usz’ T ug

Zs . { VAR Zk}]
< min Ty, —
Ug — € — ur +€ us Uk

_ZQ U — € . Z1 Z3 Zk
=Pr|—=<—~-—min{ ——,—,...,—
| U2 U2 U + € us Uk
= 2 =us —¢
2 (up +etus+ ...+ uk) +u2 2T

ugp—e

The one before last equality follows from the fact that the
Z;-s are independent, and from properties (1) and (2b) of
the exponential distribution (see Section 2). Finally, let us
calculate Pr[A;] for all i = 3,... k.

Zi . [ Zy Zy Z Z
Pr[Ai]:Pr{u—Smln{—l,—2 =0 —k} ,

i ur uz’ ug’ " ug
Z; . 7 Zy  Z3 Zy,
— < min S — ..., —
U UL+ € U2 —€ ug Uk
Z; . Z Zo s Z
=Pr|= < min ! ,i,—d,...,—k
Us; u1 +€ u2 us Uk
Uj Uj

T wtetustust...tur l+e

Again, the one before last equality follows from the fact
that all the Z;-s are independent, and from properties (1)
and (2b) of the exponential distribution (see Section 2). To
conclude the proof, note that:



Pr[l(u) # ((v)] =1 — Z Pr[Ai]

k
:1—U1—(UQ—E)—lej€

=3

— 2—u1 — Uz +¢€
o 1+¢

<e(2—ur —u2).

The last inequality follows since u1 +u2 < 1. O

4. ALGORITHMIII - SIMPLEX DISTORTION

In this section we present a simple method for partition-
ing the simplex once it is distorted. Intuitively, we apply to
each coordinate of the simplex a non-linear transformation,
thus distorting the simplex and changing the ¢; distances
between points non-linearly. Once the simplex is distorted,
we just choose a uniform random threshold and assign all
vertices to terminals by going over the terminals in an arbi-
trary order®. Finally, all unassigned vertices are assigned to
the last terminal in this order.

A precise description of the algorithm appears in Algo-
rithm 2. The algorithm receives as input an optimal solution
to the simplex relaxation, {u}, .., € A, and outputs the
assignment ¢ : V' — T, assigning each vertex to a terminal in
T. We choose the quadratic transformation (as can be seen
in line 3 of the algorithms) and order the terminals according
to their index (as can be seen in line 2 of the algorithm).

Algorithm 2: Distorting-Simplex({u} C Ay)

ueV

1 choose r ~ unif|0,1].

2 fori=1tok—1

3 Vu € V s.t. u is unassigned and r < u?: £(u) < 1.
4 for all unassigned u € V, £(u) + k.

As in Algorithm 1, it is easy to verify that for each ter-
minal ¢;, €(t;) = t;. This is true since (tl)f = 0 for every
j # i and (t;)? = 1. Thus, with probability that equals 1,
£(t;) = t;, and Algorithm 2 partitions the simplex in a way
that produces a feasible integral solution for Multiway-Cut.

REMARK 1. Instead of distorting the simplex, one can
equivalently define Algorithm 2 by choosing the threshold r
non-uniformly. Specifically, r is distributed like /0 where
0 ~ unifl0,1]. This distribution favors values closer to 1
over values closer to 0. Thus, Algorithm 2 is more likely to
cut close to the terminals. We note that this way of defining
Algorithm 2, though having a simple probabilistic interpre-
tation, loses the geometric insight.

4.1 Geometric Interpretation

Algorithm 2 applies the following transformation, distort-
ing Ay prior to partitioning the simplex via face-parallel

3We note that our threshold cutting is similar to the one
used by Cilinescu et al. [5]. However, the threshold cut-
ting proposed here is simpler as no random order over the
terminals is required and each terminal can even choose a
separate threshold independently.

cuts:

k—1
2 2 2
(U1, ..., Uk—1,Uk) — ul,...7uk_1,1—g uj | .
i=1

Consider two vertices u,v € Ay and assume that they dif-
fer in only two coordinates. Intuitively, the transformation
decreases the ¢; distance between v and v in the case that
the two coordinates are small, and increases the ¢; distance
between u and v in the case that the two coordinates are
large.

We note that an alternative way of distorting A, with
respect to the separation probability guarantee of Lemma 2,
is to apply the quadratic transformation to all coordinates
and add the remaining value to a new coordinate (denoted
by k+1). Formally, Ay can be distorted into Ax41 as follows:

k
2 2 2 2
(U, .oy Up—1,Uk) — (ul,...,uk_l,uk,l— E ul>
i=1

4.2 Analysis

We focus on a particular edge (u,v) € E and bound the
separation probability of u and v. As mentioned in Section
2, we can assume without loss of generality that u and v
differ in only two coordinates.

LEMMA 2. Let

u = (u1,u2,us,...,ux) and

v = (U1 +E,UQ—E,U3,...,uk),
where u,v € Ay for some € > 0. Then,

Pr[l(u) # £(v)] < 2€(u1 + u2).
ProOOF. Clearly, if u and v are not assigned in iterations
1 and 2, then ¢(u) = £(v). Thus, a necessary condition for
the event ¢(u) # €(v) is that at least one of the following two
happens:

1. In the beginning of iteration 1, both v and v are unas-
signed; then, u is not assigned to terminal ¢; and v is
assigned to terminal ¢; (recall that vi = uq + ¢€).

2. In the beginning of iteration 2, both u and v are unas-
signed; then v is not assigned to terminal ¢ and u is
assigned to terminal t2 (recall that vo = ua — ¢€).

The former event happens only if » € [uf, (u1 + €)?], while
the latter event happens only if r € [(uz —¢€)?, u3]. From the
union bound on both events one can conclude that:

Prif(u) # £(v)] < (w1 +©)> — ) + (u — (us — ©)?)
= 2€(U1 + UQ),
thus completing the proof. [

REMARK 2. In contrast to Lemma 1, one cannot assume
without loss of generality that the two coordinates in which
u and v differ are 1 and 2. The reason is that in Algorithm
2 the coordinates are not symmetric: all unassigned vertices
are assigned to terminal tx in the last iteration. If both the
two coordinates in which u and v differ are not the last coor-
dinate, then clearly Lemma 2 holds. Otherwise, it is the case
that one of the two coordinates in which u and v differ is the
last coordinate. Obviously, in the latter case the separation
probability of w and v can only decrease when compared to
the bound of Lemma 2. Thus, one can always use the upper
bound on the separation probability guaranteed by Lemma 2.



S. AN IMPROVED APPROXIMATION FOR
MULTIWAY CUT

In this section we show how to combine Algorithms 1
and 2 to obtain an improved approximation factor for the
Multiway-Cut problem. The approximation factor is the ratio
between the expected weight of our solution and the value
of the objective function of the simplex relaxation, given in
(1). By linearity of expectation we can bound this ratio
separately for each edge of the graph. Thus, suppose that
an upper bound on the separation probability of an edge
(u,v) € E is available:

Pr{l(u) # £(v)] < Be,

where %Hu —v||1 = &. Then, it implies a S-approximation
for Multiway-Cut.

5.1 A (%)-Approximation

Our analysis of Algorithms 1 and 2 (Lemmas 1 and 2),
shows that both algorithms, when applied separately, yield
only a 2-approximation for Multiway-Cut. What happens if
we take a random combination of the two algorithms? Con-
sider an edge (u,v). The behavior of the two algorithms is
different with respect to the values of the two coordinates
by which u and v differ. The bad case for Algorithm 1 is
when the value of the two coordinates is small, whereas the
bad case for Algorithm 2 is when the value of the two co-
ordinates is large. Thus, intuitively, a random combination
of both algorithms should yield an improved approximation
factor, as given by Algorithm 3.

Algorithm 3: Combination({u},.,, € Ax)

1 with probability 2/3 execute Algorithm 1.
2 otherwise (with probability 1/3) execute Algorithm 2.

Let us analyze the probability that an edge (u,v) € E is
separated by Algorithm 3. Again, as mentioned in Section
2, one can assume without loss of generality that u and v
differ in only two coordinates. Let u = (u1,u2,us, ..., ux)
and v = (u1 +¢€,u2 —¢&,us, ..., ur) where u,v € Ay, for some
e > 0. Applying Lemmas 1 and 2, one can upper bound the
probability that edge (u,v) € E is separated as follows:

Pr[l(u) # £(v)] < ; ce(2—u1 —ug) + % -2e(ur +ug) = %z—:.
Thus, Algorithm 3 is a (4/3)-approximation algorithm for
Multiway-Cut, since the contribution of an edge (u,v) € E
to the objective function (1) of the simplex relaxation is
2||u — v||1 = e. However, the approximation factor can be
slightly improved so as to yield Theorem 1.

PROOF OF THEOREM 1. One can improve Algorithm 2
by either iterating over the terminals in random order (as
in [5]), or simply choosing the last terminal in the order
uniformly at random. If vertices w and v are unassigned
in the last iteration, then they cannot be separated. The
probability of each terminal to be last in the random order
is 1/k. Hence, this modification of Algorithm 2 changes the
guarantee of Lemma 2 to

2 (us + u2) (1 - %) .

Plugging this improved guarantee and changing the proba-

- . . 2k—2 .
bility of choosing Algorithm 1 from 2/3 to 57— concludes
the proof. [J

5.2 Beyond (2)-Approximation

In this section we show how to push the approximation
guarantee further by a careful distortion of the simplex, i.e.,
modifyinging Algorithm 2. The changes we apply to Algo-
rithm 2 are the following:

1. ITterate over the terminals in a uniformly random order

(line 2).

2. Change the threshold condition to r < uf* for a =
1.78061 (line 3).

The improved algorithm is identical to Algorithm 3, except
for two differences. First, it uses the modified Algorithm 2
instead of the original one. Second, it executes Algorithm 1
with probability p = 0.604503 and the modified Algorithm
2 with probability 1 — p = 0.395497.

PRrROOF OF THEOREM 2. Assume without loss of gener-
ality, as mentioned in Section 2, that uw and v differ in
only two coordinates. Let u = (u1,u2,us,...,ux) and v =
(u1 +€,u2 — &,us,...,ux), where u,v € Ay, for some € > 0.
Additionally, one can assume without loss of generality that
e < 1/(ck) for some small enough absolute constant ¢ and
that ua — e > w1 4+ €. If this property does not hold then
edge (u,v) can be subdivided into several edges satisfying
the property. The analysis is then carried out for each edge
separately.

Recall that by Lemma 1, the separation probability of
Algorithm 1 is:

Pr[l(u) # £(v)] < e(2 —u1 — u2). (4)

Building upon the proof of [5] when considering the modified
Algorithm 2, the separation probability is:

Prif() £ 00)] < (1 1) (0 — (w2 = 9)%) +

3 ((w+0) —u). (5)
The first summand on the right hand side of (5) corresponds
to the event that r € [(uz — &)*,u%] and terminal ¢ is not
the last one in the random order. The second summand
on the right hand side of (5) corresponds to the event that
r € [uf, (u1 +€)?] and terminal ¢; precedes terminal ¢2 in
the random order. If terminal ¢5 precedes terminal £; when
r € [uf, (u1 +¢€)?], then v and v are not separated since
Uz — € > U1 + €.

Choosing a = 1.78061, the function u® is convex and
increasing for u € [0, 1], thus:

(1-7) @ - - + 5+ e —ui) <

E-a((l—%) u§*1+%(u1 +a)‘“>. (6)

Plugging Inequality (6) into Inequality (5) and combining
the result with Inequality (4), one can get that the total



separation probability satisfies:

MVWHMMHSEF@furﬂmH

a(l —p) ((1 - %) uy 4+ % (u1 +e)“‘1> }
(7)

Let us focus on the right hand side of (7). Defining w =
u1 + u2 and exchanging variable u; for u; = w — ug yields
the following function:

Gap(uz, w) £ p(2 — w)+
a(l - p) ((1 - %) ug L (- s)“*) L ®)

where 0 < w < 1and w/2+¢e < uz < w (recall that ug —e >
u1+¢€). Given any fixed 0 < w < 1, ga,p(u2, w) is maximized
when:

up=C-(w+e),
1-1 =
¢= L :) 1
7+ - b7

Equation (9) can be verified by solving the equation:

0ga,p(uz, w)
8u2

29&,;}(“2,“’)
2

and verifying that 9
2
range (recall that 1 < a < 2).
Next, given Equation (9), let us find the w that maximizes
Ja.p(C - (w+e),w). The value of w that maximizes gq,p(C -
(w+e),w) is:

=0

is non-positive in the given

1
w=D%2-a —¢

_ala-1)1-p)[(1-F) o+ 30107

. (10)

Again, Equation (10) can be verified by solving the equation:

99a,p(C - (w +¢), w)
ow
%MC%W

=0

and verifying that e is non-positive in the
given range (recall that 1 < a <2 and 0 <p < 1).

Finally, given the above values of us and w in Equations
(9) and (10) respectively, one can upper bound the right
hand side of Inequality (7) as follows:

8{10 (2—Dﬁ +a) + a(l —p)-

D geips=t 4 L (pets _opate )™
Kl_E)C D? +2(D2 CD*w ) H

The latter bound can be rewritten as:

(p (2—Dﬁ)+ (11)

(a(l - p)C’a*ngiié - Ekp) = (12)

It can be verified that Summand (11) is an increasing func-
tion of k and is always upper bounded by 1.32388 when

a = 1.78061 and p = 0.604503. Additionally, Summand (12)
is always at least 1/(2k) when ¢ < 1/(ck), for some small
enough absolute constant ¢, when o = 1.78061 and p =
0.604503. This provides an overall guarantee of 1.32388 —
1/(2k), hence concluding the proof. [J

REMARK 3. The dependance on k of the approximation
guarantee of Theorem 2 can be improved. However, this im-
provement is most relevant for small values of k and does
not improve the constant 1.32388. Since our main interest
is the general case of Multiway-Cut, i.e. large k, this im-
proved analysis is deferred to a full version of the paper.

6. UNIFORM METRIC LABELING

In a typical classification problem, one wishes to assign la-
bels to a set of objects so as to optimize some measure of the
quality of the labeling. The Metric-Labeling problem, intro-
duced by Kleinberg and Tardos [22], captures a broad range
of classification problems in which the quality of a labeling
depends on the pairwise relations between the underlying set
of objects. The input to a Metric-Labeling instance is a an
edge weighted undirected graph G = (V,E), w: E = R,
and a set of k labels L. The objective is to find a labeling, a
function f :V — L, that maps vertices to labels, where the
cost of f, denoted by Q(f), has two components.

e For each u € V, there is a non-negative assignment
cost c(u,i) to label u with i. This cost reflects the
relative likelihood of assigning labels to w.

e For each pair of objects u and v, the edge weight
w(u,v) measures the strength of their relationship.
This is modeled in the objective function by the term
w(u,v)-d(f(u), f(v)) where d(-,-) is a distance function
on the labels L.

Thus,

QU = Sl fw) + S wlu,v) - d(f(u), F)),

uev (u,v)EE

and the goal is to find a labeling of minimum cost. In the
Metric-Labeling problem, the distance function d is assumed
to be a metric. In this section we focus on the Uniform-
Metric-Labeling problem, the special case where d is the uni-
form metric, i.e., d(i,7) = 1if ¢ # j. Note that Multiway-Cut
is a special case of Uniform-Metric-Labeling. The terminals
correspond to the labels; for each terminal ¢; € T, the as-
signment cost of label ¢ is 0 and the assignment cost of label
j # i is oco. For all non-terminals the assignment cost is 0
for all labels. Kleinberg and Tardos [22] use the geometric
relaxation of [5] for the Uniform-Metric-Labeling problem and
obtain a 2-approximation for the problem®. This bound is
tight as they present for every k an instance for which the
integrality gap of the relaxation is 2(1 — 1/k).

A precise description of the Kleinberg-Tardos algorithm
is given in Algorithm 4. The algorithm receives as input an
optimal solution to the simplex relaxation, {u}, ., C Ag,
and outputs an assignment f : V — L, assigning each vertex
to a label in L.

“In order to obtain a relaxation for Uniform-Metric-Labeling,
one needs to add to the objective a term corresponding to

the assignment costs: D SF L e(u, i) - ug.



Algorithm 4: Kleinberg-Tardos ({u} C Ay) [22]

ueV

1 while Ju € V s.t. u is unassigned:
2 choose r ~ unif[0,1] and i ~ unif ({1,2,...,k}).
3 Yu € V s.t. w is unassigned and r < u;: f(u) < 4.

6.1 Uniform Metric Labeling via Algorithm 1

We observe that Algorithm 1 can be applied to the geo-
metric relaxation of Uniform-Metric-Labeling, resulting in a
new 2-approximation algorithm for the problem. The fact
that the 2-approximation goes through for Uniform-Metric-
Labeling follows from two observations. First, Lemma 1 can
be applied, since the assumption that each edge differs in
only two coordinates (Section 2) can still be made even
though there are assignment costs. Second, by property (2b)
of exponential clocks, for every u € Ag: Pr[l(u) =] = u,.
Hence, assignment costs are preserved in expectation. The
above mentioned integrality gap instance of [22] for Uniform-
Metric-Labeling (where the gap is 2(1 — 1/k)) implies that
our bound in Lemma 1 is indeed tight.

6.2 Multiway Cut via Algorithm 4

We observe that although the analysis of Algorithm 4
(as appearing in [22]) is asymptotically tight, it can still
be tightened, proving that Algorithm 4 achieves the ex-
act same guarantee as in Lemma 1. This implies that one
can substitute the competing exponential clocks algorithm
(Algorithm 1) with the algorithm of Kleinberg and Tar-
dos for Uniform-Metric-Labeling (Algorithm 4) to obtain the
improved approximation guarantees for Multiway-Cut. The
slack in the proof of [22] results from upper bounding the
separation probability of an edge (u,v) by the probability
that v and v are assigned to labels in different iterations.
Lemma 3 provides a tighter bound on the separation proba-
bility of an edge (u,v) by Algorithm 4, and its proof follows
the same general outline as the proof of Lemma 1.

LEMMA 3. Let

u = (u1,uz,us,...,ur) and

v=(u1+4¢e,us—¢&,usz,...,uk),

where u,v € Ay for some e > 0. Then,

Prf(u) # f(v)] < e(2—u1 —u2).

PRrOOF. Denote by B the event that both u and v are still
unassigned at the end of an iteration, conditioning on v and
v being unassigned at the start of the same iteration. For
simplicity, we denote by r and ¢ the random threshold and
label chosen by Algorithm 4 in the same iteration. Let us
calculate Pr [B]:

Pr(B] =Y Pr[Bli=j]-Pr[i=j|

:%(PY[TZu1+s]+Pr[r2u2}+...+Pr[r2uk])
:%((1*@1+€))+(17u2)+...+(17uk))
1 1+e¢

=1-—

For each 1 <14 < k, let A; be the event that f(u) = f(v) = i.
Let us calculate Pr [A;], for all 4, starting with Pr [A;]. Note

that Pr[A;] satisfies the following recursive formula:

U1 g U1
Pr[Ai] = —
rld] = -+ —
The first term on the right hand side of (13) corresponds to
the case that both u and v are assigned to label 1 in the
current iteration, since:

+Pr[B] - Pr[Ad]. (13)

U1

=

The second term on the right hand side of (13) corresponds
to the case that exactly one of u and v is assigned to label
1 in the current iteration and that the other is assigned to
label 1 in some future iteration. Note that in this case it
must be that v is assigned to label 1 in the current iteration
and w is assigned to label 1 in some future iteration, since
u1 < u1 + €& = vi. We use the fact that the iterations are
probabilistically independent and the marginal probability
that any vertex u is assigned to label 1 at the end of the
algorithm is wuq:

Prii=1,r <min{ui,u1 +e}] =

Pri=1,u1 <7 <wui+e, f(u) =1]
g-ul
k

The last and third term on the right hand side of (13) cor-
responds to the case that both u and v are not assigned to
any label in the current iteration. As before, we use the fact
that the iterations are probabilistically independent. Isolat-
ing Pr[A:] in the recursive formula (13) yields that:

Prii=1u <r<wui+e¢]-Pr(f(u)=1] =

(I+e)-u1 (I+e)-uy

k — k
1-Pr[B] 1-(1-14=)

Pr [Al] =

= Ui.
The one before last equality is derived by plugging the value
of Pr[B].

Let us calculate Pr[As]. Note that Pr[Az] satisfies the
following recursive formula:

us—e e (ug —e¢)
Pr[As] =
Ao ===+ —

The first term on the right hand side of (14) corresponds to

the case that both u and v are assigned to label 2 in the
current iteration, since:

+Pr[B]-Pr[ds]. (14)

U — €
k

The second term on the right hand side of (14) corresponds
to the case that exactly one of u and v is assigned to la-
bel 2 in the current iteration, and the other is assigned to
label 2 in some future iteration. Note that in this case it
must be that u is assigned to label 2 in the current iteration
and v is assigned to label 2 in some future iteration, since
uz > uz — e = v2. We use the fact that the iterations are
probabilistically independent and the marginal probability
that any vertex v is assigned to label 2 at the end of the
algorithm is va:

Pri = 2,7 <min{us —e,uz}] =

Prii =2,us —e <r <wug, fv)=2] =

e (uz —¢)
—
The last and third term on the right hand side of (14) cor-

responds to the case that both u and v are not assigned to
any label in the current iteration. As before, we use the fact

Prji=2,us —e <r <wug] -Pr[f(v) =2] =



that the iterations are probabilistically independent. Isolat-
ing Pr[As] in the recursive formula (14) yields that:

(A+e)-(ug—e) (te)-(uz—e)
k

_ & _ — oy —
Pr[A:] = 1= Pr[B] —17(17%)—uz E.

The one before last equality is derived by plugging the value
of Pr[B].

Finally, let us calculate Pr[A;] for all j = 3,...,k. Note
that Pr[A;] satisfies the following recursive formula:

Pr[A;] = % +Pr[B]-Pr[4;]. (15)

The first term on the right hand side of (15) corresponds to
the case that both u and v are assigned to label j in the
current iteration, since:

Uj

e

The second term on the right hand side of (15) corresponds
to the case that both w and v are not assigned to any label
in the current iteration. As before, we use the fact that
the iterations are probabilistically independent. Note that
the case that exactly one of u and v is assigned to label j
in the current iteration cannot happen. Isolating Pr[A4;] in
the recursive formula (15) yields that:

Prii=j,r <u;] =

o] v
R S & _ Uy
P = e T o T e

The one before last equality is derived by plugging the value
of Pr [B]. The rest of the proof is identical to that of Lemma 1,
thus, concluding the proof. []

6.3 Comparing Algorithms 1 and 4

Considering the fact that Algorithm 1 can be applied to
obtain the 2-approximation for Uniform-Metric-Labeling, and
Lemma 3 implies that Algorithm 4 can be applied to obtain
the improved approximation guarantees for Multiway-Cut,
one might ask whether both algorithms are equivalent. For-
mally, as both Algorithms 1 and 4 are randomized, the rele-
vant question is whether the distributions over partitions of
the simplex generated by Algorithms 1 and 4 are identical.

;=3 rp=1/2

Figure 2: Label 3 (terminal t3) is assigned a non-
convex part of As. Denote by r; and i; the values of
r and 7 in the jth iteration of Algorithm 4 [22].

The answer to the above question is negative for several
reasons, implying that the algorithms are different. First,

for example, there is a positive probability that Algorithm 4
assigns a non-convex part of the simplex to a label, as can be
seen in Figure 2. However, the part of the simplex assigned
to every label in Algorithm 1 is always convex. Second,
Algorithm 4 uses cuts that are parallel to the faces of the
simplex (as in [5, 18]), whereas Algorithm 1 utilizes cuts
that are not parallel to the faces of the simplex (as can be
seen in Figure 1).

7. OPEN PROBLEMS

An interesting open question is to extend our new simplex
partitioning method to closely related problems. One pos-
sibility is the 0-Extension problem, for which there is a gap
between the current best upper bound of O(log k/ log log k)
and the lower bound of Q(y/logk) (assuming the unique
games conjecture).

Additionally, it still remains to close the gap between the
(new) best algorithmic guarantee of 1.32388 presented in
this paper and the best known integrality gap example of
8/(7T+ 1/(k — 1)) for Multiway-Cut. This would settle the
approximability of the problem assuming the unique games
conjecture.
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APPENDIX

A. SET COVER AND COMPETING EXPO-
NENTIAL CLOCKS

In this section we present a randomized rounding algo-
rithm for the standard Set-Cover relaxation that succeeds

with probability of 1 and is based on exponential clocks.
The input for a Set-Cover instance consists of n elements
E ={ei,ez,...,e,}, and msubsets S = {S1,...,Sm} C 2.
Each S € S is associated with a cost cs. The standard lin-
ear programming relaxation has a variable zg for each set
S € S, and the goal is to minimize ) ¢ s csxs, while re-
quiring that ) ¢ . sxs > 1, Ve € E. Consider the following
simple randomized rounding algorithm:

Algorithm 5: Set-Cover({rs} g )

1 choose i.i.d random variables Zs ~ exp(1), VS € S.
2 output Uecg argmin {f—g T e€ S}.

The following lemma provides a bound on the probability
that a set is chosen by Algorithm 5. Specifically, the proba-
bility that any set S € S is chosen is at most (In(|S])+1)-zs,
providing an overall approximation of (In (Smax) + 1), where
Smax = max{|S| : S € S}.

LEMMA 4. For every S € S, Algorithm 5 outputs S with
probability of at most (In(|S|) + 1) - zs.
PROOF. Denote by Ag,. the indicator for the event that
S =argmin{Zs/zs : e € S}, namely that element e chooses
set S. Let a > 0 be chosen later. Then,
Pr(3e: As.] =Pr[3e: AselZs/xs < o] -Pr(Zs/xs < o] +
Pr(de: As.|Zs/xs > a] - Pr([Zs/zs >
<Pr[Zs/zs < a]+
Pr(de: As.|Zs/xs > a] - Pr([Zs/zs >
=(1-e ")+
Pr(3e: AselZs/zs > o] - e~ "5, (16)
Applying the union bound over all elements in S and using

the fact that 1 — e™® < z for all x, one can upper bound
(16) as follows:

(1—e ") +Pr(de: Ase | Zs/zs > ] e @75 <

a-xrg+e ¢S ZPI‘ [Ase | Zs/zs > a]. )
ecS

If X ~ exp(A) and Y ~ exp(u) are independent, then V¢ > 0:
PriX<Y | X >t = ﬁef”t. The event Ag . is equiva-
lent to Z5 < min{z—i/l L ec S, S+ S’}.
(1) and (2b) of the exponential distribution (Section 2) and
the above, one can evaluate (17) as follows:

a-zs+e TN PrlAse | Zs/vs > o] =
e€S
azg xs

ecS ZS’:EES’ s

Zs = By properties

e—a(zs':ees' Tg! —-TS) <

a-xrs +e

a-zs+|S|-xs-e = (a+[S]-e7 ) ws.

The inequality above is derived from the constraint that
Y s.ecs Ts > 1. By choosing o = In(]S]), one can conclude
that: Pr[3e: Ase] < (In(|S)) +1) -zs. O



