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ABSTRACT
The Multiway-Cut problem is a fundamental graph partitioning problem in which the objective is to ﬁnd a minimum
weight set of edges disconnecting a given set of special vertices called terminals. This problem is NP-hard and there is
a well known geometric relaxation in which the graph is embedded into a high dimensional simplex. Rounding a solution to the geometric relaxation is equivalent to partitioning
the simplex. We present a novel simplex partitioning algorithm which is based on competing exponential clocks and
distortion. Unlike previous methods, it utilizes cuts that are
not parallel to the faces of the simplex. Applying this partitioning algorithm to the multiway cut problem, we obtain
a simple (4/3)-approximation algorithm, thus, improving
upon the current best known result. This bound is further
pushed to obtain an approximation factor of 1.32388. It is
known that under the assumption of the unique games conjecture, the best possible approximation for the MultiwayCut problem can be attained via the geometric relaxation.

Categories and Subject Descriptors
H.2 [Theory of Computation]: ANALYSIS OF ALGORITHMS AND PROBLEM COMPLEXITY

General Terms
Algorithms, Theory

Keywords
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1. INTRODUCTION
Geometric embedding has been at the heart of approximation algorithms for NP-hard graph problems in recent
years [2, 3, 5, 10, 17, 23, 24]. The Multiway-Cut problem in
undirected graphs is a prime example for the success of this
∗
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approach. In this problem we are given an edge weighted
undirected graph G = (V, E), w : E → R+ , and a set
T = {t1 , t2 , . . . , tk } ⊆ V of k terminals. The goal is to
ﬁnd a minimum weight subset of edges X ⊆ E such that all
terminals are disconnected in (V, E \ X). The Multiway-Cut
problem is known to be NP-hard even for k = 3 [9]1 . The
ﬁrst approximation algorithm for the Multiway-Cut problem
was given by Dalhaus et al. [9]. It is a simple combinatorial heuristic: for each terminal ti , compute a minimum cut
separating it from all other terminals. Dalhaus et al. [9]
showed that the union of the k − 1 cheapest cuts (of the k
cuts computed) is a 2(1 − 1/k)-approximation. Note that
the union of any k − 1 cuts deﬁnes a feasible solution.
Călinescu et al. [5] suggested a geometric relaxation for
the Multiway-Cut problem. In this relaxation each vertex
u ∈ V is embedded into
∑ the k-dimensional simplex ∆k =
{x ∈ Rk : x ≥ 0,
i xi = 1}, while the terminals are
mapped bijectively to the vertices of ∆k . Călinescu et al.
[5] observed that any rounding of this relaxation is in fact
a partitioning of the simplex into k parts, one for each terminal (or equivalently a vertex of ∆k ). They presented a
partitioning algorithm achieving an approximation guarantee of 3/2−1/k. Building upon this result, Karger et al. [18]
managed to obtain an improved guarantee of 1.3438 − εk ,
where εk is a decreasing function of k that tends to 0 as k
increases.
Conversely, it was shown by Freund and Karloﬀ [13] that
the geometric relaxation of Călinescu et al. [5] has an integrality gap of 8/(7 + 1/(k − 1)). Furthermore, Manokaran
et al. [25] proved that the integrality gap of this relaxation
can be translated to a hardness result for the Multiway-Cut
problem with the exact same value, assuming the unique
games conjecture. Hence, this result suggests that the best
possible approximation guarantee for the Multiway-Cut problem can be obtained by rounding the geometric relaxation
of Călinescu et al. [5]. Finally, Dahlhaus et al. [9] showed
that Multiway-Cut is APX-hard. Thus, there exists a constant c > 1 such at no polynomial-time algorithm can ﬁnd a
solution within a factor of c of the optimum, unless P=NP.
We also note that some of the above mentioned techniques, developed in the context of Multiway-Cut, have found
additional applications. The main idea of the algorithm of
Călinescu et al. [5] is to iterate over the terminals in a random order and cut an ℓ1 sphere of random radius around
each terminal, thus partitioning the simplex. This idea was
extended to general metrics, providing improved approxima1
For k = 2 it is simply the minimum {s, t}-cut problem in
undirected graphs.

tions for the 0-Extension problem [4, 11] (whose study was
originated by Karzanov [20]) and the probabilistic approximation of metrics by tree metrics [12].

1.1 Our Results
We present a new method for partitioning the simplex
which is based on competing exponential clocks and on distorting the simplex. Unlike previous approximation algorithms for the Multiway-Cut problem [5, 18], our method
generates cuts in the simplex that are not parallel to the
faces of the simplex. We obtain simple approximation algorithms for the Multiway-Cut problem, as well as improved
approximation guarantees. We believe that our new simplex
partitioning method is of independent interest.
First, we present a simple (4/3)-approximation algorithm,
as summarized in the following theorem.
(
)
4
Theorem 1. There exists a 43 − 9k−6
-approximation
algorithm for the Multiway-Cut problem.
Note that the above theorem already improves on the current best known approximation guarantee of [18]. We then
manage to push the approximation guarantee further by
a more careful use of our simplex partitioning method, as
stated in the following theorem.
(
)
1
-approximation
Theorem 2. There exists a 1.32388 − 2k
algorithm for the Multiway-Cut problem.
This theorem demonstrates that an approximation factor
strictly better than 4/3 can be achieved.
Additionally, we show that the exponential clocks ingredient of our simplex partitioning algorithm can also be applied to the Uniform-Metric-Labeling problem, yielding a 2approximation algorithm which is diﬀerent from the known
2-approximation algorithm of Kleinberg and Tardos [22].
Surprisingly, even though both algorithms are diﬀerent, we
show that the algorithm of [22] can replace the exponential
clocks ingredient of our simplex partitioning algoritm, resulting in the exact same guarantees as in Theorems 1 and
2 for the Multiway-Cut problem.
Finally, we note that competing exponential clocks can be
used to round fractional solutions of more general covering
problems2 . We refer the reader to Appendix A for details.

1.2 Techniques
The improved approximation for Multiway-Cut uses two
main separate ingredients which are then joined probabilistically (see Section 5). The ﬁrst ingredient is a partitioning algorithm that uses a single randomly chosen point in
the simplex to generate a partition, as opposed to previous
works [5, 18] that use ℓ1 spheres to partition the simplex.
Let us provide a geometric description of this partition and
for simplicity restrict the discussion to ∆3 . Given a point
Z ∈ ∆3 , it is used to deﬁne the boundaries between the different parts, thus, inducing a partitioning. This is shown in
Figure 1. There are lines going from each terminal through
Z to the opposite edge in ∆3 . For example, the line starting
at terminal t1 passes through Z and ends at point a where it
2
Multiway-Cut can be viewed as a covering problem in which
the goal is to cover the vertices of the graph by k sets, each
containing exactly one terminal. If some of the sets intersect,
uncrossing can be used to turn the cover into a multiway
partitioning without increasing the cost of the solution.

hits the edge opposite to t1 . For each such line, the segment
that lies between the terminal and Z is ignored. The ignored
segments are represented as dashed, and the boundaries of
the partition induced by Z are the remaining segments represented as solid. For example, the part that is assigned to
t1 in the partitioning induced by Z is the area deﬁned by
the points t1 , c, Z, and b.
The above partitioning method easily extends to any high
dimensional simplex. It is important to note that this natural way for partitioning the simplex does not use face-parallel
cuts, unlike [5, 18]. Our algorithm applies the above partitioning method by choosing a point Z uniformly at random
using competing exponential clocks. The use of exponential clocks allows for a simple analysis of the probability of
separating adjacent vertices between diﬀerent parts.
The second ingredient used is a distortion of the simplex. This distortion is applied prior to partitioning the
simplex, resulting in both increase and decrease of some
of the distances. Given u ∈ ∆k , each of the ﬁrst k − 1
coordinates in u is decreased by applying a transformation to it, while the value of the kth coordinate is chosen so that u is mapped back to the simplex. For example, Figure (1 contains the quadratic
distortion of ∆3 ,
)
(u1 , u2 , u3 ) → u21 , u22 , 1 − u21 − u22 , used by our algorithm.
The boundary of ∆3 is dashed while the boundary of the
distorted ∆3 appears as solid.

1.3

Related Work

In addition to the works already mentioned, several other
special cases and variants of Multiway-Cut were considered
in the literature. Cunningham and Teng [8] and Karger et
al. [18] present a tight approximation factor of 12/11 when
k = 3. For k = 4, 5, [18] provide approximation factors
of 1.1539 and 1.2161, respectively. For dense unweighted
graphs, Arora et al. [1] and Frieze and Kannan [14] provide a polynomial time approximation scheme. The NodeMultiway-Cut problem asks for the least weight subset of
vertices whose removal from the graph disconnects all terminals. This variant was studied by Garg et al. [16] who
present a 2(1 − 1/k)-approximation algorithm for the problem. They also prove that any improvement to the latter
factor would also lead to an improvement of the approximation guarantee for Vertex-Cover, for which it is known
that no approximation better than 2 can be achieved assuming the unique games conjecture (Khot and Regev [21]).
The Directed-Multiway-Cut problem asks for the least weight
subset of edges whose removal from the graph disconnects
all directed paths connecting terminals. Clearly, DirectedMultiway-Cut generalizes Node-Multiway-Cut. For DirectedMultiway-Cut, Naor and Zosin [26] give a 2-approximation
algorithm, improving upon the O(log k)-approximation of
Garg et al. [16]. The Multicut problem resembles MultiwayCut, however, its goal is to separate k pairs of terminals
{si , ti }. The best known approximation for Multicut is O(log k)
and is given by Garg et al. [15].
Several additional problems are closely related to MultiwayCut, and two prominent examples are 0-Extension and MetricLabeling. For the 0-Extension problem, Călinescu et al. [4]
provide an approximation of O(log k), which was later improved by Fakcharoenphol et al. [11] to O (log k/ log log k).
Both results are obtained by rounding the metric completion relaxation. For the Metric-Labeling problem, Kleinberg and Tardos [22] provide an approximation guarantee

(a)

(b)

Figure 1: (a) The partition of ∆3 induced by Z. (b) Quadratic distortion of ∆3 .
of O(log k) by building upon the tight probabilistic approximation of metrics by tree metrics [12]. Chekuri et al. [6]
extend the geometric relaxation of Călinescu et al. [5] to
the more general Metric-Labeling problem using earthmover
metrics, thus yielding a uniﬁed treatment of the problem
for various metrics. For the geometric relaxation with the
earthmover metric, Karloﬀ et al. [19] prove an
√ integrality gap of Ω(log k) for Metric-Labeling and Ω( log k) for
0-Extension. Both integrality gaps translate to hardness results with the same values assuming the unique games conjecture [25]. Without this
√ assumption, the corresponding
hardness results are Ω( log k) for Metric-Labeling [7] and
Ω(log1/4 k) for 0-Extension [19].

2. PRELIMINARIES
An instance of the Multiway-Cut problem consists of an
edge weighted undirected graph G = (V, E), w : E → R+ ,
and a set of terminals T = {t1 , t2 , . . . , tk } ⊆ V . The goal is
to ﬁnd the least weight subset of edges X ⊆ E such that all
terminals are disconnected in (V, E \ X). Equivalently, the
output is an assignment ℓ : V → T with the property that
ℓ(ti ) = ti , ∀i = 1, . . . , k. For an edge e = (u, v) ∈ E, e ∈ X
if and only if ℓ(u) ̸= ℓ(v).

2.1 The Simplex Relaxation for Multiway Cut
We use the simplex relaxation ﬁrst proposed by [5]. Conk
sider
∑the k-dimensional simplex ∆k = {x ∈ R : x ≥
0,
i xi = 1}. Denote by ei the ith vertex of ∆k , i.e.,
the standard basis vector which has a 1 in the ith coordinate and 0 elsewhere. The relaxation embeds every vertex
u ∈ V into ∆k and each terminal ti ∈ T is embedded to ei .
Intuitively, every point in ∆k corresponds to a distribution
over the set of terminals T . For simplicity of presentation,
we abuse notation and use u for both the vertex and its
embedding in the simplex.
∑
1
w(e) · ||u − v||1
(1)
min
2
e=(u,v)∈E

s.t.

u ∈ ∆k

∀u ∈ V

(2)

ti = e i

∀i = 1, 2, . . . , k

(3)

It is known [5] that the above relaxation can be rewritten
as a linear program, thus an optimal fractional solution can
be eﬃciently computed.

We note that any integral solution ℓ : V → T to the
Multiway-Cut problem deﬁnes a feasible embedding in the
simplex of the same value. To see that, for every u ∈ V , map
u to ei ∈ ∆k , if ℓ(u) = ti . Hence, the simplex relaxation is
indeed a lower bound on the value of an optimal solution.
For simplicity, as was noted by [5], when bounding the separation probability of two points u, v ∈ ∆k , one can assume
without loss of generality that u and v diﬀer in only two
coordinates. The reason for this is that an edge (u, v) ∈ E
can be subdivided in such a way that this property holds
and the cost remains unchanged, since the contribution of
the edge to (1) is proportional to ∥u − v∥1 . We refer the
reader to [5] for the exact details. Thus, in the sequel we
always assume that u and v diﬀer in coordinates 1 and 2.

2.2

Exponential Clocks

By exponential clocks we mean competing independent exponential random variables. An exponential clock wins a
competition if it has the smallest value among all participating exponential clocks. A random variable X is distributed
according to the exponential distribution with rate λ if it
has density fX (x) = λe−λx for every x ≥ 0 and fX (x) = 0
otherwise. We denote this by X ∼ exp(λ). Additionally, we
use the following well known properties of the exponential
distribution:
1. If X ∼ exp(λ) and c > 0, then

X
c

∼ exp(λc).

2. Let X1 , . . . , Xk be independent random variables with
Xi ∼ exp(λi ):
(a) min {X1 , . . . , Xk } ∼ exp (λ1 + . . . + λk ).
(b) Pr [Xi ≤ minj̸=i {Xj }] =

3.

λi
.
λ1 +...+λk

ALGORITHM I - COMPETING EXPONENTIAL CLOCKS

In this section we present a new method for partitioning
the simplex which is based on competing exponential clocks.
Intuitively, an independent exponential clock with rate λ =
1 is associated with each vertex of ∆k , one for each terminal
in T . Given a fractional point u ∈ ∆k , it is assigned to a
terminal as follows. The ith clock (of terminal ti ) is scaled
by ui and thus its rate becomes ui (by property (1) of the
exponential distribution). Then, the k scaled clocks compete

and u is assigned to the terminal corresponding to the clock
winning the competition (i.e., the smallest clock).
A precise description of the algorithm is given in Algorithm 1. The algorithm receives as input an optimal solution
to the simplex relaxation, {u}u∈V ⊆ ∆k , and outputs the
assignment ℓ : V → T , assigning each vertex to a terminal
in T .
Algorithm 1: Exponential-Clocks({u}u∈V ⊆ ∆k )
1 choose i.i.d random variables Zi ∼ exp(1), i = 1, . . . , k.
{
}
i
2 ∀u ∈ V : ℓ(u) ← argmin Z
: i = 1, 2, . . . , k .
ui
It is easy to verify that for each terminal ti ∈ T , ℓ(ti ) = ti .
This happens since (ti )j = 0 for every j ̸= i and (ti )i =
1. Thus, with probability that equals 1, ℓ(ti ) = ti , and
Algorithm 1 partitions the simplex in a way that produces
a feasible integral solution for Multiway-Cut.

3.1 Geometric Interpretation
We now demonstrate the connection between the exponential clocks used in Algorithm 1 and the claimed geometric partitioning of the simplex from Section 1.2 and Figure
1. Denote by Z = (Z1 , Z2 , . . . , Zk ) the vector of exponential
clocks chosen by Algorithm 1.
)
(∑
k
First, it is known (for example, see [27]) that Z/
i=1 Zi
is a uniformly chosen random point in ∆k . Second, note that
Algorithm 1 is indiﬀerent to any normalization of the vector
Z. Hence, one can assume without loss of generality that
the vector of exponential clocks Z chosen by Algorithm 1 is
indeed a uniformly chosen random point in ∆k .
As in Section 1.2 and Figure 1, let us restrict the discussion to ∆3 . A fractional point u = (u1 , u2 , u3 ) ∈ ∆3 is
assigned by Algorithm 1 to the winning clock (i.e., the smallest) among the scaled exponential clocks Z1 /u1 , Z2 /u2 , and
Z3 /u3 . The only point in the simplex for which all the clocks
are equal is Z itself. Next, consider all points in the simplex
for which exactly two of the clocks are equal. Focus, for example, on the clocks of terminals t2 and t3 . All such points
must satisfy the linear equation Z2 /u2 = Z3 /u3 , whose solution forms a straight line that starts at t1 , passes through
Z, and ends at the edge opposite to t1 in ∆3 . As in Figure
1, this happens at point
a = (0, Z2 /(Z2 + Z3 ), Z3 /(Z2 + Z3 )) .
The dashed segment of this line, connecting t1 and Z, corresponds to all points u ∈ ∆3 for which the clock of terminal t1 wins over the clocks of terminals t2 and t3 , i.e.,
Z1 /u1 < Z2 /u2 = Z3 /u3 . The solid segment of this line,
connecting Z and a, corresponds to all points u ∈ ∆3 for
which the clocks of terminals t2 and t3 both win over the
clock of terminal t1 , i.e., Z1 /u1 > Z2 /u2 = Z3 /u3 . Therefore, one can conclude that this solid segment, as claimed
in Section 1.2, is indeed the boundary between the part assigned to t2 and the part assigned to t3 . Repeating the argument for all terminal pairs in ∆3 yields that Algorithm 1
indeed generates the geometric partitioning of ∆3 as shown
in Figure 1.

3.2 Analysis
We focus on a particular edge (u, v) ∈ E and bound the
separation probability of u and v. As mentioned in Section

2, we can assume without loss of generality that u and v
diﬀer in only two coordinates.
Lemma 1. Let
u = (u1 , u2 , u3 , . . . , uk ) and
v = (u1 + ε, u2 − ε, u3 , . . . , uk ) ,
where u, v ∈ ∆k for some ε > 0. Then,
Pr [ℓ(u) ̸= ℓ(v)] ≤ ε (2 − u1 − u2 ) .
Proof. For each 1 ≤ i ≤ k, let Ai be the event that
ℓ(u) = ℓ(v) = i. Let us calculate Pr [Ai ], for all i, starting
with Pr [A1 ].
}
Z2
Zk
,...,
,
u2
uk
{
}]
Z1
Z2
Z3
Zk
≤ min
,
,...,
u1 + ε
u2 − ε u3
uk
{
}]
[
Z1
Z2
Zk
≤ min
,...,
= Pr
u1
u2
uk
u1
=
= u1 .
u1 + u2 + . . . + uk
[

Pr [A1 ] = Pr

{

Z1
≤ min
u1

The one before last equality follows from the fact that the
Zi -s are independent, and from properties (1) and (2b) of
the exponential distribution (see Section 2). Let us calculate
Pr [A2 ].
[

}
Z1 Z3
Zk
,
,...,
,
u1 u3
uk
{
}]
Z2
Z1
Z3
Zk
≤ min
,
,...,
u2 − ε
u1 + ε u3
uk
[
{
}]
Z2
u2 − ε
Z1
Z3
Zk
= Pr
≤
min
,
,...,
u2
u2
u1 + ε u3
uk
u2
= u2
= u2 − ε.
· (u1 + ε + u3 + . . . + uk ) + u2
u2 −ε

Pr [A2 ] = Pr

Z2
≤ min
u2

{

The one before last equality follows from the fact that the
Zi -s are independent, and from properties (1) and (2b) of
the exponential distribution (see Section 2). Finally, let us
calculate Pr [Ai ] for all i = 3, . . . , k.
[
Pr [Ai ] = Pr

Zi
≤ min
ui

{
{

Z1 Z2 Z3
Zk
,
,
,...,
u1 u2 u3
uk

}
,

Z1
Z2
Z3
Zk
,
,
,...,
u1 + ε u2 − ε u3
uk
[
{
}]
Zi
Z1
Z2 Z3
Zk
= Pr
≤ min
,
,
,...,
ui
u1 + ε u2 u3
uk
ui
ui
=
.
=
u1 + ε + u2 + u3 + . . . + uk
1+ε
Zi
≤ min
ui

}]

Again, the one before last equality follows from the fact
that all the Zi -s are independent, and from properties (1)
and (2b) of the exponential distribution (see Section 2). To
conclude the proof, note that:

cuts:
Pr [ℓ(u) ̸= ℓ(v)] = 1 −

k
∑

(

(u1 , . . . , uk−1 , uk ) →

Pr [Ai ]

u21 , . . . , u2k−1 , 1

−

k
∑
ui
1
+ε
i=3
)

= 1 − u1 − (u2 − ε) −
(

2 − u1 − u2 + ε
1+ε

)
u2i

.

i=1

i=1

=ε

k−1
∑

≤ ε (2 − u1 − u2 ) .
The last inequality follows since u1 + u2 ≤ 1.

4. ALGORITHM II - SIMPLEX DISTORTION
In this section we present a simple method for partitioning the simplex once it is distorted. Intuitively, we apply to
each coordinate of the simplex a non-linear transformation,
thus distorting the simplex and changing the ℓ1 distances
between points non-linearly. Once the simplex is distorted,
we just choose a uniform random threshold and assign all
vertices to terminals by going over the terminals in an arbitrary order3 . Finally, all unassigned vertices are assigned to
the last terminal in this order.
A precise description of the algorithm appears in Algorithm 2. The algorithm receives as input an optimal solution
to the simplex relaxation, {u}u∈V ⊆ ∆k , and outputs the
assignment ℓ : V → T , assigning each vertex to a terminal in
T . We choose the quadratic transformation (as can be seen
in line 3 of the algorithms) and order the terminals according
to their index (as can be seen in line 2 of the algorithm).
Algorithm 2: Distorting-Simplex({u}u∈V ⊆ ∆k )
1 choose r ∼ unif [0, 1].
2 for i=1 to k − 1
3
∀u ∈ V s.t. u is unassigned and r ≤ u2i : ℓ(u) ← i.
4 for all unassigned u ∈ V , ℓ(u) ← k.
As in Algorithm 1, it is easy to verify that for each terminal ti , ℓ(ti ) = ti . This is true since (ti )2j = 0 for every
j ̸= i and (ti )2i = 1. Thus, with probability that equals 1,
ℓ(ti ) = ti , and Algorithm 2 partitions the simplex in a way
that produces a feasible integral solution for Multiway-Cut.
Remark 1. Instead of distorting the simplex, one can
equivalently deﬁne Algorithm 2 by choosing the threshold
r
√
non-uniformly. Speciﬁcally, r is distributed like θ where
θ ∼ unif [0, 1]. This distribution favors values closer to 1
over values closer to 0. Thus, Algorithm 2 is more likely to
cut close to the terminals. We note that this way of deﬁning
Algorithm 2, though having a simple probabilistic interpretation, loses the geometric insight.

4.1 Geometric Interpretation
Algorithm 2 applies the following transformation, distorting ∆k prior to partitioning the simplex via face-parallel
3
We note that our threshold cutting is similar to the one
used by Călinescu et al. [5]. However, the threshold cutting proposed here is simpler as no random order over the
terminals is required and each terminal can even choose a
separate threshold independently.

Consider two vertices u, v ∈ ∆k and assume that they differ in only two coordinates. Intuitively, the transformation
decreases the ℓ1 distance between u and v in the case that
the two coordinates are small, and increases the ℓ1 distance
between u and v in the case that the two coordinates are
large.
We note that an alternative way of distorting ∆k , with
respect to the separation probability guarantee of Lemma 2,
is to apply the quadratic transformation to all coordinates
and add the remaining value to a new coordinate (denoted
by k+1). Formally, ∆k can be distorted into ∆k+1 as follows:
)
(
k
∑
u2i .
(u1 , . . . , uk−1 , uk ) → u21 , . . . , u2k−1 , u2k , 1 −
i=1

4.2

Analysis

We focus on a particular edge (u, v) ∈ E and bound the
separation probability of u and v. As mentioned in Section
2, we can assume without loss of generality that u and v
diﬀer in only two coordinates.
Lemma 2. Let
u = (u1 , u2 , u3 , . . . , uk ) and
v = (u1 + ε, u2 − ε, u3 , . . . , uk ) ,
where u, v ∈ ∆k for some ε > 0. Then,
Pr [ℓ(u) ̸= ℓ(v)] ≤ 2ϵ(u1 + u2 ).
Proof. Clearly, if u and v are not assigned in iterations
1 and 2, then ℓ(u) = ℓ(v). Thus, a necessary condition for
the event ℓ(u) ̸= ℓ(v) is that at least one of the following two
happens:
1. In the beginning of iteration 1, both u and v are unassigned; then, u is not assigned to terminal t1 and v is
assigned to terminal t1 (recall that v1 = u1 + ε).
2. In the beginning of iteration 2, both u and v are unassigned; then v is not assigned to terminal t2 and u is
assigned to terminal t2 (recall that v2 = u2 − ε).
The former event happens only if r ∈ [u21 , (u1 + ε)2 ], while
the latter event happens only if r ∈ [(u2 − ε)2 , u22 ]. From the
union bound on both events one can conclude that:
(
) (
)
Pr [ℓ(u) ̸= ℓ(v)] ≤ (u1 + ε)2 − u21 + u22 − (u2 − ε)2
= 2ε(u1 + u2 ),
thus completing the proof.
Remark 2. In contrast to Lemma 1, one cannot assume
without loss of generality that the two coordinates in which
u and v diﬀer are 1 and 2. The reason is that in Algorithm
2 the coordinates are not symmetric: all unassigned vertices
are assigned to terminal tk in the last iteration. If both the
two coordinates in which u and v diﬀer are not the last coordinate, then clearly Lemma 2 holds. Otherwise, it is the case
that one of the two coordinates in which u and v diﬀer is the
last coordinate. Obviously, in the latter case the separation
probability of u and v can only decrease when compared to
the bound of Lemma 2. Thus, one can always use the upper
bound on the separation probability guaranteed by Lemma 2.

5. AN IMPROVED APPROXIMATION FOR
MULTIWAY CUT
In this section we show how to combine Algorithms 1
and 2 to obtain an improved approximation factor for the
Multiway-Cut problem. The approximation factor is the ratio
between the expected weight of our solution and the value
of the objective function of the simplex relaxation, given in
(1). By linearity of expectation we can bound this ratio
separately for each edge of the graph. Thus, suppose that
an upper bound on the separation probability of an edge
(u, v) ∈ E is available:
Pr [ℓ(u) ̸= ℓ(v)] ≤ βε,
1
||u
2

where
− v||1 = ε. Then, it implies a β-approximation
for Multiway-Cut.
(4)

5.1 A

3

-Approximation

Our analysis of Algorithms 1 and 2 (Lemmas 1 and 2),
shows that both algorithms, when applied separately, yield
only a 2-approximation for Multiway-Cut. What happens if
we take a random combination of the two algorithms? Consider an edge (u, v). The behavior of the two algorithms is
diﬀerent with respect to the values of the two coordinates
by which u and v diﬀer. The bad case for Algorithm 1 is
when the value of the two coordinates is small, whereas the
bad case for Algorithm 2 is when the value of the two coordinates is large. Thus, intuitively, a random combination
of both algorithms should yield an improved approximation
factor, as given by Algorithm 3.
Algorithm 3: Combination({u}u∈V ⊆ ∆k )
1 with probability 2/3 execute Algorithm 1.
2 otherwise (with probability 1/3) execute Algorithm 2.

Plugging this improved guarantee and changing the probability of choosing Algorithm 1 from 2/3 to 2k−2
concludes
3k−2
the proof.

5.2

Beyond

(4)
3

-Approximation

In this section we show how to push the approximation
guarantee further by a careful distortion of the simplex, i.e.,
modifyinging Algorithm 2. The changes we apply to Algorithm 2 are the following:
1. Iterate over the terminals in a uniformly random order
(line 2).
2. Change the threshold condition to r ≤ uα
i for α =
1.78061 (line 3).
The improved algorithm is identical to Algorithm 3, except
for two diﬀerences. First, it uses the modiﬁed Algorithm 2
instead of the original one. Second, it executes Algorithm 1
with probability p = 0.604503 and the modiﬁed Algorithm
2 with probability 1 − p = 0.395497.
Proof of Theorem 2. Assume without loss of generality, as mentioned in Section 2, that u and v diﬀer in
only two coordinates. Let u = (u1 , u2 , u3 , . . . , uk ) and v =
(u1 + ε, u2 − ε, u3 , . . . , uk ), where u, v ∈ ∆k for some ε > 0.
Additionally, one can assume without loss of generality that
ε ≤ 1/(ck) for some small enough absolute constant c and
that u2 − ε ≥ u1 + ε. If this property does not hold then
edge (u, v) can be subdivided into several edges satisfying
the property. The analysis is then carried out for each edge
separately.
Recall that by Lemma 1, the separation probability of
Algorithm 1 is:
Pr [ℓ(u) ̸= ℓ(v)] ≤ ε(2 − u1 − u2 ).

Let us analyze the probability that an edge (u, v) ∈ E is
separated by Algorithm 3. Again, as mentioned in Section
2, one can assume without loss of generality that u and v
diﬀer in only two coordinates. Let u = (u1 , u2 , u3 , . . . , uk )
and v = (u1 + ε, u2 − ε, u3 , . . . , uk ) where u, v ∈ ∆k for some
ε > 0. Applying Lemmas 1 and 2, one can upper bound the
probability that edge (u, v) ∈ E is separated as follows:
Pr [ℓ(u) ̸= ℓ(v)] ≤

2
1
4
· ε(2 − u1 − u2 ) + · 2ε(u1 + u2 ) = ε.
3
3
3

Thus, Algorithm 3 is a (4/3)-approximation algorithm for
Multiway-Cut, since the contribution of an edge (u, v) ∈ E
to the objective function (1) of the simplex relaxation is
1
||u − v||1 = ε. However, the approximation factor can be
2
slightly improved so as to yield Theorem 1.
Proof of Theorem 1. One can improve Algorithm 2
by either iterating over the terminals in random order (as
in [5]), or simply choosing the last terminal in the order
uniformly at random. If vertices u and v are unassigned
in the last iteration, then they cannot be separated. The
probability of each terminal to be last in the random order
is 1/k. Hence, this modiﬁcation of Algorithm 2 changes the
guarantee of Lemma 2 to
)
(
1
.
2ε(u1 + u2 ) 1 −
k

(4)

Building upon the proof of [5] when considering the modiﬁed
Algorithm 2, the separation probability is:
(
)
1
α
Pr [ℓ(u) ̸= ℓ(v)] ≤ 1 −
(uα
2 − (u2 − ε) ) +
k
1
((u1 + ε)α − uα
(5)
1).
2
The ﬁrst summand on the right hand side of (5) corresponds
to the event that r ∈ [(u2 − ε)α , uα
2 ] and terminal t2 is not
the last one in the random order. The second summand
on the right hand side of (5) corresponds to the event that
α
r ∈ [uα
1 , (u1 + ε) ] and terminal t1 precedes terminal t2 in
the random order. If terminal t2 precedes terminal t1 when
α
r ∈ [uα
1 , (u1 + ε) ], then u and v are not separated since
u2 − ε ≥ u1 + ε.
Choosing α = 1.78061, the function uα is convex and
increasing for u ∈ [0, 1], thus:
(
)
1
1
α
1−
(uα
((u1 + ε)α − uα
2 − (u2 − ε) ) +
1) ≤
k
2
((
)
)
1
1
ε·α
1−
uα−1
+ (u1 + ε)α−1 .
(6)
2
k
2
Plugging Inequality (6) into Inequality (5) and combining
the result with Inequality (4), one can get that the total

separation probability satisﬁes:
[
Pr[ℓ(u) ̸=ℓ(v)] ≤ ε p(2 − u1 − u2 )+
)
)]
((
1
1
α−1
.
α(1 − p)
1−
uα−1
+
(u
+
ε)
1
2
k
2
(7)
Let us focus on the right hand side of (7). Deﬁning w =
u1 + u2 and exchanging variable u1 for u1 = w − u2 yields
the following function:
gα,p (u2 , w) , p(2 − w)+
)
((
)
1
1
uα−1
+ (w − u2 + ε)α−1 , (8)
α(1 − p)
1−
2
k
2
where 0 ≤ w ≤ 1 and w/2 + ε ≤ u2 ≤ w (recall that u2 − ε ≥
u1 +ε). Given any ﬁxed 0 ≤ w ≤ 1, gα,p (u2 , w) is maximized
when:
u2 = C · (w + ε) ,
) 1
(
1 − k1 2−α
C= ( ) 1
(
) 1 .
1 2−α
+ 1 − k1 2−α
2

(9)

Equation (9) can be veriﬁed by solving the equation:
∂gα,p (u2 , w)
=0
∂u2
and verifying that

∂ 2 gα,p (u2 ,w)
∂u2
2

is non-positive in the given

range (recall that 1 < α < 2).
Next, given Equation (9), let us ﬁnd the w that maximizes
gα,p (C · (w + ε), w). The value of w that maximizes gα,p (C ·
(w + ε), w) is:
1

w = D 2−α − ε
D=

α(α − 1)(1 − p)

[(
)
]
1 − k1 C α−1 + 12 (1 − C)α−1
. (10)
p

Again, Equation (10) can be veriﬁed by solving the equation:
∂gα,p (C · (w + ε), w)
=0
∂w
∂ 2 gα,p (C·(w+ε),w)
∂w2

and verifying that
is non-positive in the
given range (recall that 1 < α < 2 and 0 < p < 1).
Finally, given the above values of u2 and w in Equations
(9) and (10) respectively, one can upper bound the right
hand side of Inequality (7) as follows:
{ (
)
1
ε p 2 − D 2−α + ε + α(1 − p)·
)
[(
)α−1 ] }
α−1
1
1
1 ( 2−α
1
C α−1 D 2−α +
D
− CD 2−α
1−
.
k
2
The latter bound can be rewritten as:
( (
)
1
p 2 − D 2−α +
(11)
[
]
)
)α−1
α−1
1
1
1 ( 2−α
α(1 − p) C α−1 D 2−α +
− CD 2−α
D
−
2
)1
(
α−1
(12)
α(1 − p)C α−1 D α−2 − εkp
k
It can be veriﬁed that Summand (11) is an increasing function of k and is always upper bounded by 1.32388 when

α = 1.78061 and p = 0.604503. Additionally, Summand (12)
is always at least 1/(2k) when ε ≤ 1/(ck), for some small
enough absolute constant c, when α = 1.78061 and p =
0.604503. This provides an overall guarantee of 1.32388 −
1/(2k), hence concluding the proof.
Remark 3. The dependance on k of the approximation
guarantee of Theorem 2 can be improved. However, this improvement is most relevant for small values of k and does
not improve the constant 1.32388. Since our main interest
is the general case of Multiway-Cut, i.e. large k, this improved analysis is deferred to a full version of the paper.

6.

UNIFORM METRIC LABELING

In a typical classiﬁcation problem, one wishes to assign labels to a set of objects so as to optimize some measure of the
quality of the labeling. The Metric-Labeling problem, introduced by Kleinberg and Tardos [22], captures a broad range
of classiﬁcation problems in which the quality of a labeling
depends on the pairwise relations between the underlying set
of objects. The input to a Metric-Labeling instance is a an
edge weighted undirected graph G = (V, E), w : E → R+ ,
and a set of k labels L. The objective is to ﬁnd a labeling, a
function f : V → L, that maps vertices to labels, where the
cost of f , denoted by Q(f ), has two components.
• For each u ∈ V , there is a non-negative assignment
cost c(u, i) to label u with i. This cost reﬂects the
relative likelihood of assigning labels to u.
• For each pair of objects u and v, the edge weight
w(u, v) measures the strength of their relationship.
This is modeled in the objective function by the term
w(u, v)·d(f (u), f (v)) where d(·, ·) is a distance function
on the labels L.
Thus,
Q(f ) =

∑
u∈V

c(u, f (u)) +

∑

w(u, v) · d(f (u), f (v)),

(u,v)∈E

and the goal is to ﬁnd a labeling of minimum cost. In the
Metric-Labeling problem, the distance function d is assumed
to be a metric. In this section we focus on the UniformMetric-Labeling problem, the special case where d is the uniform metric, i.e., d(i, j) = 1 if i ̸= j. Note that Multiway-Cut
is a special case of Uniform-Metric-Labeling. The terminals
correspond to the labels; for each terminal ti ∈ T , the assignment cost of label i is 0 and the assignment cost of label
j ̸= i is ∞. For all non-terminals the assignment cost is 0
for all labels. Kleinberg and Tardos [22] use the geometric
relaxation of [5] for the Uniform-Metric-Labeling problem and
obtain a 2-approximation for the problem4 . This bound is
tight as they present for every k an instance for which the
integrality gap of the relaxation is 2(1 − 1/k).
A precise description of the Kleinberg-Tardos algorithm
is given in Algorithm 4. The algorithm receives as input an
optimal solution to the simplex relaxation, {u}u∈V ⊆ ∆k ,
and outputs an assignment f : V → L, assigning each vertex
to a label in L.
4
In order to obtain a relaxation for Uniform-Metric-Labeling,
one needs to add to the
∑ objective
∑k a term corresponding to
the assignment costs:
u∈V
i=1 c(u, i) · ui .

Algorithm 4: Kleinberg-Tardos ({u}u∈V ⊆ ∆k ) [22]
1 while ∃u ∈ V s.t. u is unassigned:
2
choose r ∼ unif [0, 1] and i ∼ unif ({1, 2, . . . , k}).
3
∀u ∈ V s.t. u is unassigned and r ≤ ui : f (u) ← i.

6.1 Uniform Metric Labeling via Algorithm 1
We observe that Algorithm 1 can be applied to the geometric relaxation of Uniform-Metric-Labeling, resulting in a
new 2-approximation algorithm for the problem. The fact
that the 2-approximation goes through for Uniform-MetricLabeling follows from two observations. First, Lemma 1 can
be applied, since the assumption that each edge diﬀers in
only two coordinates (Section 2) can still be made even
though there are assignment costs. Second, by property (2b)
of exponential clocks, for every u ∈ ∆k : Pr [ℓ(u) = i] = ui .
Hence, assignment costs are preserved in expectation. The
above mentioned integrality gap instance of [22] for UniformMetric-Labeling (where the gap is 2(1 − 1/k)) implies that
our bound in Lemma 1 is indeed tight.

6.2 Multiway Cut via Algorithm 4
We observe that although the analysis of Algorithm 4
(as appearing in [22]) is asymptotically tight, it can still
be tightened, proving that Algorithm 4 achieves the exact same guarantee as in Lemma 1. This implies that one
can substitute the competing exponential clocks algorithm
(Algorithm 1) with the algorithm of Kleinberg and Tardos for Uniform-Metric-Labeling (Algorithm 4) to obtain the
improved approximation guarantees for Multiway-Cut. The
slack in the proof of [22] results from upper bounding the
separation probability of an edge (u, v) by the probability
that u and v are assigned to labels in diﬀerent iterations.
Lemma 3 provides a tighter bound on the separation probability of an edge (u, v) by Algorithm 4, and its proof follows
the same general outline as the proof of Lemma 1.
Lemma 3. Let
u = (u1 , u2 , u3 , . . . , uk ) and
v = (u1 + ε, u2 − ε, u3 , . . . , uk ) ,
where u, v ∈ ∆k for some ε > 0. Then,
Pr [f (u) ̸= f (v)] ≤ ε (2 − u1 − u2 ) .
Proof. Denote by B the event that both u and v are still
unassigned at the end of an iteration, conditioning on u and
v being unassigned at the start of the same iteration. For
simplicity, we denote by r and i the random threshold and
label chosen by Algorithm 4 in the same iteration. Let us
calculate Pr [B]:
Pr [B] =

k
∑

Pr [B|i = j] · Pr [i = j]

j=1

1
(Pr [r ≥ u1 + ε] + Pr [r ≥ u2 ] + . . . + Pr [r ≥ uk ])
k
1
= ((1 − (u1 + ε)) + (1 − u2 ) + . . . + (1 − uk ))
k
1+ε
=1−
.
k
For each 1 ≤ i ≤ k, let Ai be the event that f (u) = f (v) = i.
Let us calculate Pr [Ai ], for all i, starting with Pr [A1 ]. Note
=

that Pr [A1 ] satisﬁes the following recursive formula:
Pr [A1 ] =

u1
ε · u1
+
+ Pr [B] · Pr [A1 ] .
k
k

(13)

The ﬁrst term on the right hand side of (13) corresponds to
the case that both u and v are assigned to label 1 in the
current iteration, since:
Pr [i = 1, r ≤ min {u1 , u1 + ε}] =

u1
.
k

The second term on the right hand side of (13) corresponds
to the case that exactly one of u and v is assigned to label
1 in the current iteration and that the other is assigned to
label 1 in some future iteration. Note that in this case it
must be that v is assigned to label 1 in the current iteration
and u is assigned to label 1 in some future iteration, since
u1 < u1 + ε = v1 . We use the fact that the iterations are
probabilistically independent and the marginal probability
that any vertex u is assigned to label 1 at the end of the
algorithm is u1 :
Pr [i = 1, u1 < r ≤ u1 + ε, f (u) = 1] =
Pr [i = 1, u1 < r ≤ u1 + ε] · Pr [f (u) = 1] =

ε · u1
.
k

The last and third term on the right hand side of (13) corresponds to the case that both u and v are not assigned to
any label in the current iteration. As before, we use the fact
that the iterations are probabilistically independent. Isolating Pr [A1 ] in the recursive formula (13) yields that:
Pr [A1 ] =

(1+ε)·u1
k

1 − Pr [B]

=

1

(1+ε)·u1
( k
)
− 1 − 1+ε
k

= u1 .

The one before last equality is derived by plugging the value
of Pr [B].
Let us calculate Pr [A2 ]. Note that Pr [A2 ] satisﬁes the
following recursive formula:
Pr [A2 ] =

ε · (u2 − ε)
u2 − ε
+
+ Pr [B] · Pr [A2 ] .
k
k

(14)

The ﬁrst term on the right hand side of (14) corresponds to
the case that both u and v are assigned to label 2 in the
current iteration, since:
Pr [i = 2, r ≤ min {u2 − ε, u2 }] =

u2 − ε
.
k

The second term on the right hand side of (14) corresponds
to the case that exactly one of u and v is assigned to label 2 in the current iteration, and the other is assigned to
label 2 in some future iteration. Note that in this case it
must be that u is assigned to label 2 in the current iteration
and v is assigned to label 2 in some future iteration, since
u2 > u2 − ε = v2 . We use the fact that the iterations are
probabilistically independent and the marginal probability
that any vertex v is assigned to label 2 at the end of the
algorithm is v2 :
Pr [i = 2, u2 − ε < r ≤ u2 , f (v) = 2] =
Pr [i = 2, u2 − ε < r ≤ u2 ] · Pr [f (v) = 2] =

ε · (u2 − ε)
.
k

The last and third term on the right hand side of (14) corresponds to the case that both u and v are not assigned to
any label in the current iteration. As before, we use the fact

that the iterations are probabilistically independent. Isolating Pr [A2 ] in the recursive formula (14) yields that:
Pr [A2 ] =

(1+ε)·(u2 −ε)
k

1 − Pr [B]

=

(1+ε)·(u2 −ε)
( k
)
1 − 1 − 1+ε
k

= u2 − ε.

The one before last equality is derived by plugging the value
of Pr [B].
Finally, let us calculate Pr [Aj ] for all j = 3, . . . , k. Note
that Pr [Aj ] satisﬁes the following recursive formula:
uj
Pr [Aj ] =
+ Pr [B] · Pr [Aj ] .
(15)
k
The ﬁrst term on the right hand side of (15) corresponds to
the case that both u and v are assigned to label j in the
current iteration, since:
uj
.
Pr [i = j, r ≤ uj ] =
k
The second term on the right hand side of (15) corresponds
to the case that both u and v are not assigned to any label
in the current iteration. As before, we use the fact that
the iterations are probabilistically independent. Note that
the case that exactly one of u and v is assigned to label j
in the current iteration cannot happen. Isolating Pr [Aj ] in
the recursive formula (15) yields that:
Pr [Aj ] =

uj
k

1 − Pr [B]

uj

=

( k
1− 1−

1+ε
k

) =

uj
.
1+ε

The one before last equality is derived by plugging the value
of Pr [B]. The rest of the proof is identical to that of Lemma 1,
thus, concluding the proof.

6.3 Comparing Algorithms 1 and 4
Considering the fact that Algorithm 1 can be applied to
obtain the 2-approximation for Uniform-Metric-Labeling, and
Lemma 3 implies that Algorithm 4 can be applied to obtain
the improved approximation guarantees for Multiway-Cut,
one might ask whether both algorithms are equivalent. Formally, as both Algorithms 1 and 4 are randomized, the relevant question is whether the distributions over partitions of
the simplex generated by Algorithms 1 and 4 are identical.

Figure 2: Label 3 (terminal t3 ) is assigned a nonconvex part of ∆3 . Denote by rj and ij the values of
r and i in the jth iteration of Algorithm 4 [22].
The answer to the above question is negative for several
reasons, implying that the algorithms are diﬀerent. First,

for example, there is a positive probability that Algorithm 4
assigns a non-convex part of the simplex to a label, as can be
seen in Figure 2. However, the part of the simplex assigned
to every label in Algorithm 1 is always convex. Second,
Algorithm 4 uses cuts that are parallel to the faces of the
simplex (as in [5, 18]), whereas Algorithm 1 utilizes cuts
that are not parallel to the faces of the simplex (as can be
seen in Figure 1).

7.

OPEN PROBLEMS

An interesting open question is to extend our new simplex
partitioning method to closely related problems. One possibility is the 0-Extension problem, for which there is a gap
between the current best upper
√ bound of O(log k/ log log k)
and the lower bound of Ω( log k) (assuming the unique
games conjecture).
Additionally, it still remains to close the gap between the
(new) best algorithmic guarantee of 1.32388 presented in
this paper and the best known integrality gap example of
8/(7 + 1/(k − 1)) for Multiway-Cut. This would settle the
approximability of the problem assuming the unique games
conjecture.

8.
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APPENDIX
A. SET COVER AND COMPETING EXPONENTIAL CLOCKS
In this section we present a randomized rounding algorithm for the standard Set-Cover relaxation that succeeds

with probability of 1 and is based on exponential clocks.
The input for a Set-Cover instance consists of n elements
E = {e1 , e2 , . . . , en }, and m subsets S = {S1 , . . . , Sm } ⊆ 2E .
Each S ∈ S is associated with a cost cS . The standard linear programming relaxation has a variable
xS for each set
∑
S ∈ S, and ∑
the goal is to minimize
c
S∈S S xS , while requiring that S:e∈S xS ≥ 1, ∀e ∈ E. Consider the following
simple randomized rounding algorithm:
Algorithm 5: Set-Cover({xS }S∈S )
1 choose i.i.d random variables ZS ∼ exp(1), ∀S ∈ S.
{
}
S
2 output ∪e∈E argmin Z
:
e
∈
S
.
xS
The following lemma provides a bound on the probability
that a set is chosen by Algorithm 5. Speciﬁcally, the probability that any set S ∈ S is chosen is at most (ln(|S|)+1)·xS ,
providing an overall approximation of (ln (Smax ) + 1), where
Smax = max {|S| : S ∈ S}.
Lemma 4. For every S ∈ S, Algorithm 5 outputs S with
probability of at most (ln(|S|) + 1) · xS .
Proof. Denote by AS,e the indicator for the event that
S = argmin {ZS /xS : e ∈ S}, namely that element e chooses
set S. Let α > 0 be chosen later. Then,
Pr [∃e : AS,e ] = Pr [∃e : AS,e |ZS /xS < α] · Pr [ZS /xS < α] +
Pr [∃e : AS,e |ZS /xS ≥ α] · Pr [ZS /xS ≥ α]
≤ Pr [ZS /xS < α] +
Pr [∃e : AS,e |ZS /xS ≥ α] · Pr [ZS /xS ≥ α]
(
)
= 1 − e−α·xS +
Pr [∃e : AS,e |ZS /xS ≥ α] · e−α·xS .

(16)

Applying the union bound over all elements in S and using
the fact that 1 − e−x ≤ x for all x, one can upper bound
(16) as follows:
(
)
1 − e−α·xS + Pr [∃e : AS,e | ZS /xS ≥ α] · e−α·xS ≤
∑
Pr [AS,e | ZS /xS ≥ α] .
(17)
α · xS + e−α·xS
e∈S

If X ∼ exp(λ) and Y ∼ exp(µ) are independent, then ∀t ≥ 0:
λ
Pr [X ≤ Y | X ≥ t] = λ+µ
e−µt . The event AS,e is equiva}
{
ZS ′
′
′
S
lent to Z
≤
min
:
e
∈
S
,
S
=
̸
S
. By properties
xS
x ′
S

(1) and (2b) of the exponential distribution (Section 2) and
the above, one can evaluate (17) as follows:
∑
α · xS + e−α·xS
Pr [AS,e | ZS /xS ≥ α] =
e∈S
−α·xS

α · xS + e

∑

e∈S

∑

∑

xS
S ′ :e∈S ′

x

S′

e−α(

S ′ :e∈S ′

xS ′ −xS )

≤

(
)
α · xS + |S| · xS · e−α = α + |S| · e−α · xS .
The
∑ inequality above is derived from the constraint that
S:e∈S xS ≥ 1. By choosing α = ln(|S|), one can conclude
that: Pr [∃e : AS,e ] ≤ (ln(|S|) + 1) · xS .

